
Knowledge-Enhanced RBF Kernels
Kernel Methods for Prior-Knowledge Incorporation into SVMs

Student: Antoine Veillard
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Outline

Knowledge-Enhanced RBF framework
Set of 3 kernel methods (›RBF, pRBF, gRBF) for the
incorporation of prior-knowledge into SVMs.

Wide range of task-specific prior-knowledge
E�ective and practical
Enables learning with very small and strongly biased training
sets
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SVMs in a nutshell I

Original space X
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SVMs in a nutshell II
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Original space X Hilbert space H
A. Veillard, S. Bressan, D. Racoceanu KE-SVM



SVMs in a nutshell III
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i=1 �(xi

),�(x)ÍH
Original space X Hilbert space H

A. Veillard, S. Bressan, D. Racoceanu KE-SVM



SVMs in a nutshell IV
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SVMs in a nutshell V

Key features
Classification and regression
Mapping � : X æ H can be implicit
Only need positive-definite kernels:
K (x1, x2) = È�(x1),�(x2)ÍH

Radial basis function kernel

Krbf(x1, x2) = exp(≠“Îx1 ≠ x2Î2
2)

Nonlinear
Invariant by rotation and translation
Bandwidth parameter “ to control over-fitting

=∆ SVM+RBF combination = general-purpose learning tool
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Data and prior-knowledge

SVMs
Learning black-boxes
Requires a large amount of high-quality training data

Real-world problems
Data hard to obtain (cost, time, ethical reasons. . . )
Seldom black-boxes: general and/or specific knowledge often
available.

=∆ need methods for the incorporation of PN into SVMs
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PN incorporation into SVMs: the state-of-the-art
Domain-specific Data-specific Problem-specific

Sample-based

Virtual samples
fi-SVM

Knowledge
initialization

Kernel-based

Jittering kernels
Tangent distance
kernels
Tangent vector
kernels
Haar integration
kernels
Kernels for finite
sets
Local alignment
kernel

Weighted samples
Knowledge-driven
kernel selection

Optimization-
based

fi-SVM
Semi-definite
programming
machines
Invariant
hyperplanes

Weighted samples
Transductive SVM

KBSVM
Extensional KBSVM
Simpler KBSVM
Online KBSVM
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KE-RBF: motivation

In real-life problems, specific information relevant to the task is
often available. A few examples:

In climatology, measurements have known pseudo-periods:
seasonal and diurnal (dominant frequencies).
In anatomy, the weight of a specimen increases w.r.t. its
dimensions and the increase is cubic (monotonicity, correlation
patterns).
In oncology, small and regular cells are typical while large and
irregular cells are atypical (regions of the feature space).

KE-RBF kernels provide a way to leverage on such prior-knowledge.
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KE-RBF: framework I

KE-RBF framework
3 original kernel methods (›RBF, pRBF and gRBF) based on
adaptation of the pervasive RBF kernel for the incorporation of
prior-knowledge into SVMs.

Main features:
Deals with a wide variety of prior-knowledge that is
problem-specific.
Compensates for small or biased training sets.
Preserves the versatility of the RBF kernel.
Ease of use: just apply the kernel trick.
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KE-RBF: framework II

›RBF pRBF gRBF

semi-global unlabeled regions ◊
labeled regions ◊

global
monotonicity ◊

pseudo-periodicity ◊
frequency decomposition ◊

explicit correlation ◊
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›RBF I

›RBF kernel

K

a

(x1, x2) = (⁄ + µ›(x1, x2))Krbf(x1, x2)

where › : X 2 æ R contains the prior-knowledge and
µ = 1 ≠ ⁄ œ [0, 1] controls the the amount of prior-knowledge.

Motivation
Induce appropriate modifications to the kernel distance according
to the prior-knowledge.

Types of prior-knowledge
Unlabeled sets (similarity)
Frequency decomposition
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›RBF II

Frequency decomposition

K

a

(x1, x2) =

A
⁄ + µ

N0Ÿ

i=1
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black µ = 0, blue µ = 0.5 and red µ = 1
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›RBF III

Application: meteorological
predictions

Prediction of daily
temperatures in UK from
1914 to 2006.
Publicly available from “UK
Climate Projections”
database.

Prior-knowledge
Cycle of seasons: pseudo-period
of 365.25 days.

Average error
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pRBF I

Definition
K

a

= Krbf ¢ K

PD kernel!
Prior-knowledge

Correlation patterns w.r.t. features.
Monotonicity w.r.t. features.

There are restrictions on K .
Theorem (sketch)
Let E be a real vector space.
If {K

x

|x œ X } µ E then f̂ œ E .
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pRBF II

Illustration: quadratic correlation.

RBF pRBF
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pRBF III

Application: Anatomy of
abalones

Predict weight of abalones (y)
from morphological parameters
including length (f1), width
(f2), height (f3) and other
features.

From public “UCI abalone”
dataset.

A priori correlation between
dimensions and weight.
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gRBF I

Generalization of the RBF kernel from points to arbitrary sets.

Definition
Kgrbf : P(Rn)2 æ R

(A, B) ‘æ exp(≠“d(A, B)2)

with

d(A, B) =
I

inf
aœA·bœB Îa ≠ bÎ2 if A ”= ÿ and B ”= ÿ

Œ otherwise

NOT PD!
Prior-Knowledge
Labelled regions of X .
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gRBF II

Examples (classification)

standard RBF 1 labelled region
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gRBF III

Examples (classification)

2 labelled regions + conflict without data
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gRBF IV

Examples (regression)

standard RBF (dashed line) and 2 regions (plain line)
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gRBF V

Computational challenges
Dealing with non-PD kernels: flipping and shifting.
Computing the set distance: balls, orthotopes, convex
polytopes.
Dealing with conflicts between data and prior-knowledge.
Managing the computational complexity.
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gRBF VI

Application: daily meteorological
predictions using averages

Daily temperatures for 10
years at 100 locations.
Prior-knowledge: yearly,
seasonal, monthly averages.
Data publicly available from
“UK Climate Projections”
database.

Average error

0 100 200 300 400 500
2

2.5

3

3.5

4

4.5

5

N

a
ve

ra
g
e
 e

rr
o
r

Average improvement rate

0 100 200 300 400 500
−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

N

a
ve

ra
g

e
 im

p
ro

ve
m

e
n

t 
ra

te

Black RBF, blue monthly, red seasonal and green yearly

A. Veillard, S. Bressan, D. Racoceanu KE-SVM



KE-RBF: conclusion

E�ective: drastic improvement of results by the incorporation
of PN
E�cient: computational complexity comparable to RBF
Enables training with much smaller training sets
Enables training with strongly biased training sets
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Application: MICO I

Cognitive Microscope Project
3 years ANR project
Partners: IPAL, LIP6, Thales, AGFA, TRIBVN, GHU-PS
Automatic breast cancer grading (BCG): diagnosis/prognosis
of breast cancer from surgical biopsies

Assessment of cytonuclear atypiae (CNA)
Central component in BCG
Based on the morphology of cell nuclei
Requires accurate extraction of the cell nuclei
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Application: MICO II

Challenges
Inhomogeneous objects in inhomogeneous background
Low object-background contrast
Frequent overlaps between nuclei
Existing methods based on pixel intensities perform poorly

Original image Manual segmentation Automatic segmentation
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Application: MICO III

Solution
Use SVMs with KE-RBF kernels to create a new modality
from the original image using color, texture, scale and shape
priors.
The new modality is a probability map where objects and
backgrounds are smoothed out.
Apply the segmentation algorithms on the new modality

Probability map Segmentation on the probability map Results on original image
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Positive definite kernels

PD kernels
K : X 2 æ R is a PD kernel if:

1 ’(x1, x2) œ X 2, K (x1, x2) = K (x2, x1) (K symmetric)
2 ’(x1, . . . , x

N

) œ X N , ’(v1, . . . , v

N

) œ RN ,q
N

i=1
q

j

j = 1N

v

i

v

j

K (x
i

, x

j

) Ø 0 (the Gram matrix is PSD)

Aronszajn (1950)
The following assertions are equivalent:

1
K : X 2 æ R is a PD kernel

2 There is a Hilbert space H and � : X æ H such that:
’(x1, x2) œ X 2, K (x1, x2) = È�(x1),�(x2)ÍH

=∆ A PD kernel is a generalization of the “dot” product in Rn

.
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The kernel trick
Let K

x

(x Õ) = K (x , x

Õ) (“sections” of K ).

Reproducing Kernel Hilbert Space (RKHS)
�

K

: x ‘æ K

x

H
k

= span{K

x

|x œ R}
are realizations of � and H from Aronszajn’s theorem.

Generally, explicit computations in H is not practical or even
feasible. Instead, projections are handled through evaluations of
the kernel product.

Induced metric
Î�(x1) ≠ �(x2)Î2

H = È�(x1) ≠ �(x2),�(x1) ≠ �(x2)ÍH
= È�(x1),�(x1)ÍH + È�(x2),�(x2)ÍH ≠ 2È�(x1),�(x2)ÍH
= K (x1, x1) + K (x2, x2) ≠ 2K (x1, x2) (Aronszajn)

Kernel “trick”!
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Statistical learning

Let:
P probability distribution with values in X ◊ Y (Y µ R)
a.k.a. the problem.
H µ YX set of labeling models a.k.a. hypothesis.
S

N

= (x
i

, y

i

)N

i=1 a training set i.i.d. according to P.
⇤ : X ◊ Y ◊ H æ R a loss function.

Find a labeling model f œ H minimizing:

Theoretical risk minimization
R(f ) = E(X ,Y )≥P(⇤(X , Y , f ))
Problem: R is unknown in
practice.

Empirical risk minimization
R

ú(f ) = 1
N

q
N

i=1 ⇤(xi

, y

i

, f )
Problem: Prone to overfitting.
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Structural risk minimization

Adapted from the work by Vapnik and Chervonenkis (1974).

Learning bounds
Under certain conditions (H
must be a RKHS!) and
“high-probability”:

R(f ) Æ R

ú(f ) +
ŸBÔ

N

for some constant Ÿ > 0 and
B Ø Îf ÎH.
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SVMs: a statistical approach
SVMs are a direct implementation of the SRM principle into an
optimization problem.
SVM problem

argmin
f œH

R

ú(f ) + ⁄Îf Î2
H

The tradeo� parameter ⁄ Ø 0 is usually adjusted with a tuning
method such as grid search.
Solution space
By the representer theorem, the optimal solution f̂ has the
following form:

f̂ =
Nÿ

i=1
–

i

K

x

with ’i , –
i

œ R

which makes the problem convex and e�ciently solvable.
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Learning bounds in RKHS

Hypothesis
P be a problem w.r.t. X and Y = {≠1,+1};
⇤ be a L„-Lipschitz „-loss function;
H

B

µ RX a RKHS ball of models with radius B;
S

n

a set of n independent observations of S = (X , Y ) ≥ P

⇤ is bounded by Â⇤ for any observation from P

Bound
With probability at least 1 ≠ ” (for any ” œ [0, 1]):

R⇤,P(f ) Æ Remp⇤,S
n

(f ) + 2BL„

Û
E

X

[K (X , X )]

n

+ Â⇤

Û
≠ log ”

2n
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Weak representer theorem
Let:

X be a non-empty set
K : X 2 æ R be a PD kernel with RKHS H

K

.
S = {x1, . . . , x + n} µ X be a finite subset of X
⇤ : Rn æ R be a “loss” function
⁄ > 0
⌦ : R æ R be a strictly increasing function

If f̂ is a solution of the optimization problem:

f̂ = argmin
f œH

K

⇤(f (x1), . . . , f (x
n

)) + ⁄⌦(Îf ÎH
K

)

then f̂ admits a solution of the form:

f̂ =
nÿ

i=1
–

i

K

x

i
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C -SVM

minimize
(—

i

)
i=1,...,NœRN , bœR

C

Nÿ

i=1
›

i

+
1
2

Nÿ

i=1

Nÿ

j=1
y

i

y

j

—
i

—
j

K (x
i

, x

j

)

subject to y

i

(
Nÿ

j=1
y

j

—
j

K (x
i

, x

j

) + b) ≠ 1 + ›
i

Ø 0, i = 1, . . . , N

›
i

Ø 0, i = 1, . . . , N

0 Æ —
i

Æ C , i = 1, . . . , N
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›RBF: unlabeled sets I

Unlabeled set A (crisp)

‰(x) =

I
1 if x œ A
≠1 if x /œ A

Unlabeled set A (fuzzy)

‰(x) œ [≠1, 1]

K

a

is PD.

x1 a b
0

1

1.41

x2

d
a
(x

1
,x

2
)

a x1 b
0

1

1.41

x2

d
a
(x

1
,x

2
)

black µ = 0, blue µ = 0.5 and red µ = 1
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›RBF: unlabeled sets II

Application: Breast cancer
diagnosis from FNA

Diagnose cancer from cell morphology.
Publicly available “UCI Wisconsin Breast
Cancer” dataset.

Prior-knowledge
Advice from pathologist:

Cells with a smooth contour and a regular
texture are typical of normal tissue.
Cells with a rough contour and a irregular texture
are atypical.

Average error
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pRBF main result

Let:
E be a vector field over R;
K be a PD kernel over Rm such that {K

x

|x œ Rm} µ E ;

K

a

: (Rn≠m ◊ Rm)2 æ R
((x1,1, x2,1), (x1,2, x2,2)) ‘æ Krbf(x1,1, x2,1)K(x1,2, x2,2)

be a pRBF kernel over Rn (m < n) with H
a

its RKHS;

S = {x1, . . . x

N

} œ (Rn)N be a finite set;
⌦ : R æ R a strictly increasing function;
⁄ > 0;
⇤ : RN æ R be any function.

If f̂ : Rn≠m ◊ Rm æ R is a the solution of the optimization problem:

argmin
f œH

a

⇤(f (x1), . . . , f (x
N

)) + ⁄⌦(Îf ÎH
a

)

then ’x

Õ œ Rn≠m, f̂

x

Õ œ E where:
f̂

x

Õ : Rm æ R

x ‘æ f̂ (xÕ, x)
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Dealing with indefinite kernels

The kernel Gram matrix K is symmetric, therefore:

K = Udiag(⁄1, . . . , ⁄
N

)UT

Flipping
flip(K ) = Udiag(|⁄1|, . . . , |⁄

N

|)UT

Shifting

mathrmshift(K ) = Udiag(⁄1 + ÷, . . . , ⁄
N

+ ÷)UT
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gRBF: managing conflicts
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Machine translation evaluation

Standard metrics for MTE:
ROUGE, BLEU, NIST,
METEOR. . .
Metrics tend to perform
poorly with less common
languages and domains.
ML-based approach using
SVMs.
Focus on feature modeling
and learning machine.

Di�erent feature models and SVMs

Our SVM-based approach outperforms previous works
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MICO: exploration of very large images

Overview
A whole slide image typically consists of several thousands individual frames =∆ an exhaustive analysis is
not feasible.
Selection of the highest scoring frames with a dynamic sampling algorithm based on computational
geometry.

50 samples

150 samples

400 samples

Result
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